Keywords: Hydraulic fracture, self-similar solution, fluid lag, leak-off, parametric space
Introduction
Owing to the increasing adoption in the oil & gas industries, hydraulic fracturing has been extensively researched for nearly half a century, using analytical, experimental, and numerical approaches. An influential set of work is the systematic semi-analytical studies based on the KGD model [1] [2] [3] , among others. These studies have led to the classification of different kinds of propagation regimes, as well as providing benchmarks for more advanced numerical studies. The KGD model was firstly developed by Khristianovic and Zheltov [4] and Geertsma and De Klerk [5] , and then was improved by Detournay and his co-workers since 1999 [6] . The problem of hydraulic fracturing is significantly simplified with the following assumptions: 1) plane strain assumption and 2) fracture propagation along a straight line. With respect to governing equations, the elastic equation is used to model the rock deformation while Poiseuille's law and the continuity equation are adopted to simulate the fluid flow. The fluid can be Newtonian or nonNewtonian. Fracture propagation is controlled by the linear elastic fracture mechanics theory. Leak-off can be simulated using Carter's leak-off model or just ignored. As for boundary conditions, a constant injection flow rate is normally assumed. Despite the strict assumptions, the important characteristics including nonlocal character of elastic response and coupling between fluid flow and rock deformation are captured by the KGD model.
Spence and Sharp [7] conducted a pioneering work in this direction, and they derived the late-time solution without leak-off for lens-shaped and plane strain hydraulic fracturing under power law time-dependent or exponential time-dependent injection flow rate. They proposed the idea of scaling to derive the self-similar solutions for hydraulic fracture propagating in limiting propagation regimes. By using scaling, the key unknowns including fluid pressure, fracture width and length are all transferred to corresponding timeindependent normalized parameters. In the meantime, the governing equations are also transformed into normalized governing equations. Then the analytical solution consisting of a particular solution and a general solution (a series of Chebyshev polynomials) can be solved using the method of continuation. This novel analytical solution strategy became popular and has been adopted in many subsequent studies. Other polynomial basis functions such as orthogonal Jacobi polynomials and ultraspherical polynomial (or Gegenbauer polynomial) have also been adopted [6, 8, 9] . Another way to solve the normalized fracture width and fluid pressure is to assume a piecewise linear profile for fluid pressure and then solve the related coefficients through numerical iteration [10, 11] .
Based on the solution strategy described in [7] , the propagation of deep-buried or shallow plane strain and penny-shaped hydraulic fracture as well as specific tip behaviors have been extensively studied [12, 13] . The scope of this paper is restricted in the deep-buried plane strain hydraulic fracture. According to the analytical analysis, the propagation regimes of a hydraulic fracture are mainly determined by three dimensionless parameters, namely the dimensionless toughness K, the dimensionless confining stress T and the dimensionless leak-off coefficient L [1, 2, 10] . These three dimensionless parameters ranging from 0 to ∞ are functions of rock and fluid properties, in-situ stress conditions and treatment parameters. A wedgeshaped parametric space, shown in Figure 1 (a), has been constructed considering the merging of early time (
) and late time ( ) solutions for large dimensionless toughness [14] . Different combination of the values or evolutions of the three dimensionless parameters correspond to different propagation regimes. For example,
corresponds to toughness-storage-dominated propagation of hydraulic fracture (vertex K). To summarize, the following cases have been investigated semi-analytically: 1) [11] . A comprehensive review of these solutions are presented in [13] . These existing semi-analytical solutions have served as benchmarks for extensive numerical algorithms [18] [19] [20] [21] [22] . More recently, Dontsov [23] derived the approximate solutions for all the vertices and edges on MKM K plane and verified them with numerical solutions. Self-similar solutions with respect to porous media have also attracted increasing attention recently [24, 25] .
Apart from the analytical investigations, the hydraulic fractures propagating in specific propagation regimes have also been simulated numerically. Desroches and Thiercelin [26] developed a hydraulic fracturing model named Loramec in KGD scheme. By using an integro-variational approach for the elasticity equation, both the fracture width and fluid pressure were expressed and solved on a 1D mesh. Fluid lag and leak-off have been simulated separately and the corresponding results have been used to verify the semi-analytical solutions in literatures [6, 27] . Without considering leak-off, Hunsweck, Shen [28] developed an finite element based hydraulic fracturing model following the KGD scheme. The numerical results match well with the self-similar early-time and late-time solutions. The current study differs from the previous studies in the sense that the fluid lag and leak-off need to be modelled simultaneously, which requires complete governing equations with both fluid lag and leak-off considered in the theoretical analysis and a robust numerical model to deal with related simulation issues due to significant decrease of fluid front velocity caused by leak-off. A new dimensionless parameter is proposed to indicate the propagation regimes of hydraulic fracture in more general cases. The rest of the paper is organized as follows. In Section 2, the problem formulation and governing equations are presented. In Section 3, the general form of the normalized equations suitable for the analysis of both fluid lag and leak-off is derived firstly. Then the relation between the dimensionless parameters and the possible propagation regimes of hydraulic fracturing are discussed. The asymptotic solutions for hydraulic fracturing under zero dimensionless confining stress and infinite dimensionless leakoff coefficient are solved. A finite element based KGD model is developed in Section 4. The semi-analytical and numerical results for the asymptotic and transient solutions are discussed and compared in Section 5.
Mathematical models
We base our study on a KGD model as shown in Figure 2 , where a plane strain assumption is applied along the plane orthogonal to the vertical wellbore. The rock formation is assumed to be linear elastic, plane-strain and permeable. To simulate the fracturing fluid, the incompressible Newtonian fluid model is adopted with the laminar-flow assumption. The stress boundary conditions are set according to the confining stresses, while the influence from gravity is ignored as it is orthogonal to the simulation plane. A constant injection flow rate is imposed on the injection point at the center of the model. A strict assumption in the KGD model is that the hydraulic fracture propagates along a straight line. For the sake of completeness, the governing
equations for rock deformation, fluid flow and fracture propagation are briefly summarized below. 
As the width of a hydraulic fracture is much smaller than the other two dimensions, a lubrication theory, known as the Poiseuille's law (or the cubic law) is commonly adopted to describe the momentum conservation of fracturing fluid:
where q is the flow rate, w the fracture width, =12
   ,  the viscosity of the fracturing fluid, f p the fluid pressure, and s is the local coordinate aligned with the tangential direction to the fracture path. Considering the leak-off, the mass conservation for fluid flow is expressed as:
where t  denotes time derivative. Leak-off flow rate g is determined according to Carter's leak-off model:
C is the leak-off coefficient, 0 t is the time at which the fluid front arrived to a given point of coordinate s .
Substituting Eqn. (3) into Eqn. (4) yields
The corresponding boundary condition for this equation is a constant injection flow rate Q 0 at s=0. The integral form of the local continuity equation is expressed as
The global continuity equation can be obtained by integrating equation (6) along the fracture length and time:
Q t wds C t t s ds
It is assumed that the hydraulic fracture propagates in mobile equilibrium which means the mode I stress intensity factor is always equal to the rock toughness K Ic . The stress intensity factor K I is computed by
3. Asymptotic solutions
Normalized governing equations
Since the pioneering work [7] , scaling has been adopted as an indispensable step in deducing analytical solutions for hydraulic fracturing to transfer the governing equations into dimensionless forms without time emerges. A common form of scaling can be expressed as [3] :
where L is a length scale, ε is a small factor, ξ, γ, Π and Ω are normalized coordinate along fracture, normalized fracture length, normalized net-pressure and normalized fracture width.
Introducing the scaling equations (10) into the governing equations (5-9) results in a set of normalized governing equations.
o Normalized elastic equation
is the normalized arrival time of fluid front remaining to be determined.
The corresponding boundary condition in the lag is
o Global continuity equation
o Fracture propagation criterion
is the fluid fraction, the small factor  and the length scale L are still to be determined according to the specific propagation regimes to be solved and
Propagation regimes
Represented by solutions  
for equation (11) 
The three dimensionless parameters ranging from 0 to ∞ constitute a wedge-shaped parametric space, shown
in Figure 1 (a). The dimensionless toughness K is independent of time while both the dimensionless confining stress T and dimensionless leak-off coefficient L are dynamic parameters evolving with time. In addition, it is assumed that K varies from 0 at OMO M to ∞ at KK , T increases from 0 at OKO K to ∞ at MKM K , and L increases from 0 at OMK to ∞ at O M K . In this case, each hydraulic fracturing process corresponds to a path on a plane parallel to OMO M , as shown in Figure 1 (a). All the paths evolve from a specific point at OK ( =0
and = L ) but also vary with each other depending on the relative magnitude of the two time scale related to T and L respectively:
In the case 1 ? R , hydraulic fracturing evolves from OK edge to MK edge firstly and then to M K edge. Conversely, it evolves from OK edge to O K edge and then to M K edge in case of 1 = R . In more general cases R is slightly over 1 (or below 1), hydraulic fracturing gets closer to MK edge (or O K edge) firstly and then evolves to M K edge. Therefore, each pair of K and R corresponds to a unique path of hydraulic fracturing, and the state of the hydraulic fracturing (i.e. a point on the path) can be further determined once either T or L is known.
Scaling schemes
As shown in Figure 1 
For O K edge,
Semi-analytical solutions

Substituting = =1
c m
G G
and equations (19) and (21) into the normalized equations (11)- (15) and re-scaling the normalized  and  using
to eliminate the normalized fracture length  in equation (12) and (14) lead to:
o Normalized elastic equation (24) o Global continuity equation
The self-similar solutions  
is the function of dimensionless toughness K and crack coordinate  . In order to avoid solving the governing equations in a priori unknown domain, the first three equations are solved firstly with a given value of f  . More specifically, the normalized fracture length can be solved explicitly according to equation (25) and the normalized fracture width and fluid pressure are solved using a numerical process detailed in [10] . Once the normalized fracture length, fracture width and fluid pressure are determined, the dimensionless toughness corresponding to these solutions can be computed. These results are discussed in Section 5.
Numerical model
Finite element scheme
The finite element method is adopted to solve the rock deformation. 
where  is the domain of surrounding medium, Γ e is the external boundary, p and Γ are the fluid pressure and the 1D fracture path respectively. δε ij is the strain corresponding to virtual displacement δu i .
The fluid equation (6) can be solved with any fluid solver, such as the finite difference, finite element or finite volume schemes. In our implementation, to accurately track the fluid front in relation to the fracture tip and to simplify mesh operations, we take a finite element approach for the fluid solution as well. Specifically, the weak form of Eqn. (6) is
where   
Spatial and temporal discretization
Following the symmetry of the KGD model, only a quarter of the whole domain is considered, as shown in Figure 3 . At the beginning of the simulation, the finite element simulation domain is set as 50L 0 by 50L 0 (i.e. a=50L 0 ) to approximate the infinite rock formation (L 0 is the initial half-length of fracture). A uniform and fine mesh is applied on the boundary from (0, 0) to (2.5L 0 , 0), as shown in Figure 4 . Once the fracture length doubles, the computation domain is also doubled to keep the fracture stay in the range [a/50, a/25], which makes the approximation of infinite medium always satisfied. The solution information on the old mesh needs to be transferred to the new mesh once the mesh changes.
The fluid front and the fracture tip are both restricted to the element node during simulation. In each time step, the fluid front is updated firstly and then the crack tip is updated step by step along the bottom boundary until the fracture criterion is not satisfied. In this case, remeshing is avoided by updating the boundary condition according to the position of fluid front and crack tip. As for the time step t  , it is normally determined according to the fluid front velocity explicitly, i.e.
where d is the advancement limit specified by the user and
v is the fluid front velocity at last time step. However, it is found from our numerical test that the explicit time step leads to unstable fluid front velocity in the case of very small fluid front advance velocity due to significant leak-off. Here the time step is determined implicitly using
is the fluid front velocity at next time step, d could be one or several times of the minimum mesh size (3 by default in our simulations). Instead of using an explicit time step, we update the time step when solving the elastic equations and fluid flow equation once the pre-set convergence criteria is met, and the algorithm flow is described in Section 4.4. 
Strongly-coupled finite element solution
As shown in equation (27) and (28), the displacement field u is coupled with the fluid pressure p. In the following part, a strongly-coupled solution process for nodal displacement Discretizing Eqn. (28) with 1D linear finite elements yields: 
(1 :
where the pressure at the fluid front is set to zero, i.e. 
Algorithm flow
For clarity, the overall algorithm flow of the proposed simulation strategy is summarized below:
Initial condition
Repeat
Fluid front update Initial condition of the numerical simulation is set according to the self-similar solution at OK edge. After the advancement of fluid front in each time step, the fracture tip is updated until the computed stress intensity factor is lower than the rock toughness. The stress intensity factor is computed using interaction energy integral method [28, 29] .
Results and discussion
The semi-analytical and the numerical solution strategies have been described in Section 3 and Section 4 respectively, and the corresponding solutions are presented in this section. In Section 5.1, a series of solutions for different values of dimensionless toughness K (i.e. a series of points on O K edge) are obtained. 
Asymptotic solution at edge
The self-similar solutions   Table 1 . The normalized fracture length is solved explicitly through equation (25):
Profile of the normalized fracture width and fluid pressure under various value of fluid fraction are shown in Figure 5 and Figure 6 . Table 1 Table 1 ). Left: 0.001 to 0.03 and Right: 0.1 to 0.999.
Approximation of numerical solutions to self-similar solution at edge
In this case l t t   , hydraulic fracturing evolves from OK edge to O K edge firstly and then to M K edge. The first stage of the process (shown in Figure 1 simulation are listed in Table 2 . The evolution of the fracture length is shown in Figure 7 and is compared with the limiting propagation regimes at OK edge and O K edge. In the case = 0.498 K , evolutions of the fracture half-length in the two different limiting propagation regimes could be expressed as 
The dimensionless form of the results are Figure 7 . Evolution of the normalized fracture half-length with respect to dimensionless time under zero dimensionless confining stress
It is indicated from Figure 7 that fracture length evolves according to the asymptotic solution at OK edge at early-time stage and then approximates to the asymptotic solution at O K edge with time elapsed. In order to verify the numerical results with the self-similar solutions at O K edge, the fracture width and fluid pressure solved in numerical simulation are normalized according to equation (10) and (19) and are plotted in Figure   10 Figure 8 that the normalized fracture width and fluid pressure approximate to the selfsimilar solution at O K edge with the time elapsed, which verifies the accuracy of the solutions. Evolution of the fluid fraction from OK edge to O K edge and the stress intensity factor computed at each time step are plotted in Figure 9 . In both of the limiting state at OK edge and O K edge, the fluid fraction is constant according to the theoretical analysis. As shown in Figure 9 , the fluid fraction increase from 0.5 at OK edge to around 0.55 at O K edge. A zig-zag curve is observed due to that the mobile equilibrium of fracture propagation, i.e. K I =K Ic , is not always exactly satisfied. But, as shown in Figure 9 (b), the error is kept below 2% during the simulation. The accuracy could be improved by using a finer mesh and increasing the step size of fluid front advancement at each time step. Table 3 . For the first case, the evolution of the fracture length is shown in Figure 10 and is compared with the limiting propagation regimes at OK edge and M K edge. In the case = 0.5 K , half-length of the fracture at M K edge evolves with time as: Figure 10 . Evolution of the fracture half-length with respect to dimensionless time under non-zero dimensionless confining stress 
As expected, the hydraulic fracturing path evolves from the OK edge at early-time stage to the M K edge in the end but bends to the O K edge during the process since l t is smaller than t  . With the propagation of hydraulic fracture, the fluid fraction approximate to unit. On the aspect of fluid storage, the propagation regime changes from the storage-dominated regime on the top boundary to the leak-off-dominated regime on the bottom boundary. As shown in Figure 12 , the path for 1.13  R does not get close to the edge MK and O K due to the small difference between the two time scales while the path bends to O K edge (0.5, 0) for smaller R and MK edge (1, 1) for larger R , which indicates that the dimensionless parameter R has a critical effect on the behavior of hydraulic fracturing. 
Conclusions
In this paper, the propagation of a hydraulic fracture with a fluid lag in an infinite linear elastic permeable medium is investigated with both analytical and numerical approaches. Based on the KGD scheme, a new self-similar solution of leak-off dominated hydraulic fracturing is solved in a semi-analytical way firstly. Then a finite element based model is developed to verify the self-similar solution and to investigate the propagation regimes of hydraulic fracture in more general cases (with both fluid lag and leak-off). The main conclusions of this work are summarized below:
(1) On the analytical aspect, the general form of normalized governing equations with both fluid lag and leak-off considered is derived firstly. Then the self-similar solution in the limiting case of zero dimensionless confining stress ( 
